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The complex numbers z and w are given by

z=8+3i, w=-2i

Express in the form a + bi, where a and b are real constants,

1)
(b) zw.
)
June 2013 (R)
f(x) = cos(x?) — x + 3, 0<x<m
(a) Show that the equation f(x) = 0 has a root « in the interval [2.5, 3].

)

(b) Use linear interpolation once on the interval [2.5, 3] to find an approximation for o,
giving your answer to 2 decimal places.
®)
June 2013
14 3
f(x) = =x"—x"+x-3
2
(a) Show that the equation f(x) = 0 has a root « between x = 2 and x = 2.5.
)

(b)

Starting with the interval [2, 2.5] use interval bisection twice to find an interval of width
0.125 which contains a.
®)

The equation f(x) = 0 has a root g in the interval [-2, —1].

(©)

Taking —1.5 as a first approximation to S, apply the Newton-Raphson process once to f(x)
to obtain a second approximation to .
Give your answer to 2 decimal places.

(®)
June 2013 (R)
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The rectangular hyperbola H has Cartesian equation xy = 4.

The point P(Zt,%j lies on H, where t # 0.

(a) Show that an equation of the normal to H at the point P is

ty —t3x =2 - 2t*
(%)
The normal to H at the point where t = —% meets H again at the point Q.
(b) Find the coordinates of the point Q.
(4)
June 2013
n n
(a) Use the standard results for >"r and > r? to show that
r=1 r=1
n 1 2
D (r+2)(r +3)==n(n”+9n +26)
r=1 3
for all positive integers n.
(6)
(b) Hence show that
3n 2
> (r+2)(r+3) :gn(an2 +bn+c)
r=n+1
where a, b and c are integers to be found.
(4)
June 2013

Gold 1: 5/6 3



A parabola C has equation y? = 4ax, a>0
The points P(ap?, 2ap) and Q(ag?, 2aq) lie on C, where p #0, q #0, p # Q.
(a) Show that an equation of the tangent to the parabola at P is

py — x = ap?
(4)

(b) Write down the equation of the tangent at Q.
1)

The tangent at P meets the tangent at Q at the point R.

(c) Find, in terms of p and g, the coordinates of R, giving your answers in their simplest

form.,
(4)
Given that R lies on the directrix of C,
(d) find the value of pq.
)
June 2013
71 =2+ 3i, 2> =3+ 2i, zz=a + bi, a,bell
(@) Find the exact value of |z1 + z2|.
)
Given thatw = ﬁ,
Z,
(b) find w in terms of a and b, giving your answer in the form x + iy, X,y ell.
(4)
Given also that w = E—1i :
13 13
(c) find the value of a and the value of b,
@)
(d) find arg w, giving your answer in radians to 3 decimal places.
)
June 2013
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(@) Prove by induction, that for ne1 ™,
n

Sr(2r-1) :%n(n +1)(4n—1)

r=1

(b) Hence, show that
3n 1
D orr-1)= gn(an2 +bn+c)

r=n+1

where a, b and c are integers to be found.

(6)

(4)
June 2013 (R)

Prove by induction that, for n eZ*,
f(n) - 22n71 + 32n71

is divisible by 5.

(6)
June 2012

TOTAL FOR PAPER: 75 MARKS

END
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Question

Number Scheme Marks
1.@) | z=8+3i, w=-2i
z-w{=(8+3i)-(-2i)| = 8+5i B1
1)
(b) | zw{=(8+3i)(-2i)} = 6-16i M1 Al
(2)
[3]
2. (a) f(x) = cos(x*)—x+3
f(2.5) = 1.499.....
f(3) = -0.9111..... M1
Sign change (positive, negative) (and f(x)is continuous) therefore
Al
root or equivalent.
Use of degrees gives f(2.5) = 1.494 and f(3) = 0.988 which is
awarded M1A0
)
(b) 3—«a _ a—2.5 M1 ALft
"0.91113026188" "1.4994494182"
~ 3x1.499...+2.5x0.9111....
1.499...+0.9111....
a=2.81(2d.p.) Al cao
©)
[5]
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Question

Number Scheme Marks
3. (a) f(x)=%x4 -x*+x-3
f(2) = -1
£(2.5) = 3.40625 M1
Sign change (and f(x) is continuous) therefore a root « exists between
Al
x=2and x=25
(2)
(b) | T(2.25) = 0.673828125 {=¥} (= 2,, «,, 2.25} B1 M1
f(2.125) = -0.2752685547... Al
= 2125, «a,, 2.25
@)
(€) | F'(x) =2x=3x*+1{+ 0} M1 Al
f (-1.5) =1.40625 (=1%) B1
{f'(-1.5) = -12.5}
"1.40625"
= 15| =
& [ "-12.5" ] M1
=-13875 (=-1%)
= ~1.39 (2dp) Al cao
(5)
[10]
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Question

Number Scheme Marks
- dy §
=— =4x" = 4x? = -~
4.(@) |y ™ " M1
xy:4:>xd—y+y:0
dx
dy _dya_ 21
dx dt dx t*°2
@ _ 4x‘20rxﬂ+y:o Ord_y__%_l AL
dx dx dx  t° 2 orequivalent expressions
So, m, =t M1
2 5
ty—t’x=2-2t" * AL* 50
®)
1 1 1Y’ 1\
b) | t=—3=-3y~-| 5| ¥=2-2|—3 M1
®) 2727 ( 2) " ( 2)
4y —x+15=0
4 2 2 8 )
y=2 =X —15x-16=00r 2t,? —>;—2t+15:0:>2t -15t-8=00r
4 M1
X=—=4y? +15y —4=0.
y
(x+1)(x—16)=0=x= or
(2t+1)(t-8)=0=t=or M1
(4y-1)(y+4)=0=>y=
(P:x:—l,y=—4)(Q:)x=16,y=% Al
4)
[9]
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Question

Number Scheme Marks
5.@a) | (r+2)(r+3)=r>+5r+6 B1
Z(rz+5r+6)=%n(n+1)(2n+1)+5><%n(n+1),+6n M1,B1ft
=%nE(n+1)(2n+1)+§(n+1)+18} M1 AL
(:%n[n2+gn+%+%n+%+18D
L Al*cso
=-n|n*+9n+26 | *
ul ]
(6)
3n 1 2 1 2
DI =§3n((3n) +9(3n)+26)—§n(n +9n +26) M1A1
r=n+1
3f(n) — f(n or n+1) is MO
1
=n(9n*+27n+26)—=n(n*+9n+26
(=n(9n* +27n+26) < n( )
2 (27 , 81 1., 9
=—n|—n"+—n+39-—n"-—n-13
3”(2 2 2 2 j M1
= En(13n2 +36n +26) Al
3
(a=13,b=36,c=26)
4)
[10]
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Question

Number Scheme Marks
1 1 1
6.(a) | y=2a?x? :>d—y—a2x
dx
y2:4ax:>2y—y:4a M1
dx dt dx 2ap
1 1
Y _ ez o Zyd—y:4a o Y ooa b Al
dx dx dx 2ap
1 2
y—2ap=5(x—ap) M1
py — X = ap2 * Al cso
4)
(b) | ay —x =aqg’ B1
, , 1)
(c) | ay—ag™=py—ap M1
y(q-p)=aq’ —ap’
aq® —ap® M1
qg-p
=a(p+q)orap+a
y=a(p+q)orap+aq ALAL
X = apq
(R(apg, ap +aq))
(4)
(d) | 'apq'=-a M1
pg=-1 Al
2
[11]
Gold 1: 5/6 10




Question

Number Scheme Marks
7.(a) 2 =2+3i, z,=3+2i
Z,+2, =5+51=|7,+2, | =5 +5° M1
J50 (=542) Al cao
)
(0) | 7z, (2+3i)(a+bi)
z, 3+2i
B (2+3i)(a+bi)(3—2i)
T (3+2i)(3-2i) M1
(3+2i)(3—2i):13 B1
Y 12a —5b) + (5a +12b)i
12, _ (122-5b) + (5a.+12h) IMLAL
z, 13
4)
(c) | 12a—5b =17
M1
ba+12b=-7
60a —25b =85 ~ po_1 dML
60a +144b =-84
a=1b=-1 Al
(3)
7
arg(w) =—tan™| —
@ | argtw) =-tan () ML
=awrt —0.391 or awrt 5.89 Al
2
[11]
1 1
8.(a) | D r(ar-1= gn(n +1)(4n-1)
r=1
1
n=1, LHS= ) r(2r-1) =1
RHS = L (1)(2)(3) =1 B1
As LHS = RHS, the summation formula is true for n = 1.
Assume that the summation formula is true for n = k.
« 1
ie. 2r-1) = —k(k +1)(4k -1).
ie ;rw ) = Sk(k+ D@k 1)
With n = k+1 terms the summation formula becomes:
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Question

Number Scheme Marks
jidﬂ—nzz%Mk+b@k—b+(kﬂXﬂk+D—D M1
:%k&+nmk—n+(k+nak+n
::%«+Daqm«4)+ﬁak+n) dM1
= %(k +1)(4k* + 11k + 6) Al
1

= 2k + Dk + 2)(4k + 3

- %(k SOk + 1+ DAk +1) — 1) dm1

If the summation formula is true for n = k, then it is shown to be true

for n =k+1. Asthe result is true for n =1, it is now also true forall | A1 cso

n andn e[J" by mathematical induction.

(6)
3n
()| D r@r-1=s, -5,
r=n+1
= %.3n(3n +1)(12n-1) — %n(n +1)(4n-1) M1 Al
= %n{3(3n +1)(@A2n-1) — (n+1)(4n-1)}
= %n{3(36n2 +9n 1) — (4n° + 3n -1) dm1
= 1n{108n2 +27n -3 - 4n’ - 3n +1}
6
= 1n{104n2 +24n -2}
6
= 1n(52n2 +12n -1) Al
3
{a=52,b=12, c=-1} (4)
[10]
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Question

Number Scheme Marks
9. f(n) = 2" + 3" " is divisible by 5.
f(1)=2"+3 =5, Bl
Assume that for n=Kk,
f(k) = 2% + 3% * is divisible by 5 for k e I *.
f(k +1) _ f(k)= 22(k+1)—1 + 32(k+1)—1 _ (22k—1 + 32k—1) M1A1
— 22k +1 + 32k+1 _ 22k71 _ 32k71

— 22k -1+2 + 32k71+2 _ 22kfl _ 32kfl

_ 4(22k -1 ) n 9(32k—1 ) _ 2k-1 _ g2k-1 M1

— 3(22k -1 ) + 8(32k—l )

— 3(22k -1 ) + 3(32k71 ) + 5(32k71)

=3f (k) + 5(3%")
o f(k+1) = 4f (k) + 5(3*" ) or
4(22k—1 +32k—1) + 5(32k—1) Al
If the result is true for n =k, then it is now true for n=k+1. As the Al
result has shown to be true for n =1, then the result is true for all n. cso

[6]
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Examiner reports

Question 1

This was a good opening question for the candidates and solutions were almost always
correct. They demonstrated that they knew how to deal with real and imaginary parts when
subtracting and multiplying very well.

Question 2

Most candidates realised that a conclusion was required to part (a) and gained full marks here.
Some had used degrees instead of radians and were confused by the lack of sign change.
These candidates rarely continued to attempt part (b) although they could have gained the
method and follow through mark had they done so.

In part (b) there were often problems with the sign of 0.911 and the fraction was often
inverted and both of these errors resulted in no marks being awarded for this part of the
question. Some candidates attempted to use interval bisection instead of linear interpolation.
Occasionally, candidates went back to first principles and found the equation of the line, then
putting y = 0 to find the intercept on the x-axis. A long method, but often successful.

Question 3

In part (a) nearly all responses seen demonstrated the sign change in f(x), but some candidates
failed to make a satisfactory conclusion and lost the accuracy mark. Part (b) was a problem
for some and a few tried linear interpolation rather than interval bisection. There were a few
candidates that used interval bisection correctly, but unfortunately gave the wrong interval as
their final answer. The Newton-Raphson method in part (c) was correctly applied in many
solutions. The differentiation was usually done well, but there was the occasional slip. A
number of responses did not contain much evidence of the calculations involved and some
candidates used 1.5 instead of -1.5. This was not a problem where answers were correct, but a
lack of working did cost some candidates marks where the final answer was incorrect.

Question 4

There were many good answers to part (a). Candidates were able to find the gradient of the
tangent using calculus and realised that they had to take the negative reciprocal to find the
gradient of the normal. Very few candidates left these gradients in terms of x and most
realised that a substitution was needed. As a piece of bookwork, this had been well
understood and there were many fully correct solutions.

Part (b) proved to be more challenging. A few candidates substituted t as 4 instead of — into

their equation of the normal and many did not realise that they also needed to use the equation
of the hyperbola. Those that did use the equation of the hyperbola were generally successful
in obtaining a quadratic, which they solved to get the correct coordinates. Those who drew a
sketch generally showed a better understanding of what was required in this part of the
question.
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Question 5

There were some good answers to part (a). The correct formulae were used and the term 6n
was achieved by the majority of candidates. Factorising went ahead correctly, possibly
because there was a given answer to achieve. A few candidates tried to use mathematical
induction to prove the result and they gained no marks.

In part (b) most realised that they needed to find the difference of two sums. Marks were lost
here when 3f(n) was used in place of f(3n). Also 3n? instead of (3n)? was a common error.
Overall this question was very well answered this year.

Question 6

The mathematics required here had been learnt well and many candidates achieved the
required result successfully. Only a few candidates just quoted the gradient of the tangent and
again, few left the gradient as a function of x, which was encouraging.

The equation in part (b) was usually quoted accurately although there were a few candidates
who tried to start from scratch for 1 mark.

In part (c) most attempted to eliminate either x or y to find the coordinates of the point of
intersection but simplifying the result proved to be more of a challenge. Often poor algebraic
skills meant the loss of the last three marks for this question. The equation of the directrix was
not generally known and only the more able candidates achieved the final two marks for this
question. Use of x = —4a and x = a as the directrix were common errors.

Question 7

Part a proved a challenge to some candidates and common errors seen were finding the
modulus of z; and z», then adding. Unfortunately some candidates just added z1 and z» and
made no attempt to find the modulus and a few left i in the square root. Most candidates knew
what they were supposed to do to achieve the answer but the amount of simplification
required defeated them. Many ended up, after many lines of working, with only one variable
in either the real or complex part of their answer. Few failed to spot that multiplying the two
numerical terms, (2 + 3i) and (3 — 2i) before multiplying by the algebraic term simplified the
working.

In part (c) the algebra involved in achieving an answer, following an earlier error, proved to
be a challenge.

The mark for the use of tan was usually achieved in part (d) and common errors in the final
answer were omitting the negative sign or inverting the fraction.

Question 8

A large number of candidates knew induction well and picked up most of the marks in this
question, though there was a reluctance to take out the factor (k + 1) early. A common error
was to show it was true for n = 1, but then just substitute k + 1 into the formula instead of
adding the (k + 1)th term to Sx. A significant number of candidates failed to identify the

(k + 1) in each bracket following them finding the correct factors. A minority scored no marks
by trying to prove by use of the standard summation formulae from the formula book.

In part (b) those who used their answer to part (a) generally did so correctly, but a minority
did not correctly follow their answer to part (a). An occasional error seen was 3Sn — Sy instead
Of S3n — Sn.
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Question 9

This question proved to be a good discriminator. Many candidates could make a start and
proved the result was true for n = 1. There were then varying approaches at the induction with
f(k) — f(k + 1) being the most popular, but there were also other valid methods that met with
varying degrees of success such as f(k) + f(k + 1) or attempts to deal with f(k + 1) directly.
Candidates who made it this far then often made some attempt to obtain an expression in
terms of 22~ Yand 3% but were then less successful in reaching an expression that was
divisible by 5. The penultimate mark for all methods required completion to an expression for
f(k + 1) that was clearly shown to be divisible by 5. For the final mark the candidate needed to
make a sensible conclusion, bringing the various parts of the proof together. An example of a
minimum acceptable comment here, following completely correct work, would be ‘if the
result is true for n = k then it has been shown to be true for n =k + 1 and as it was shown true
for n = 1 then the result is true for all positive integers’.
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3
5
10
9
10
11
11
10
6
75

Modal
score

10
11
11

Mean
%
97
77
90
81
78
74
74
68
61
77

ALL
2.90
3.86
8.98
7.30
7.79
8.12
8.17
6.75
3.67

57.54

Mean score for students achieving grade:

A*
2.98
4.80
9.66
8.84
9.83

10.82

10.56
9.21
5.09

71.79

A

2.96
4.48
9.59
8.43
9.25
9.93
9.58
8.77
4.35

67.34

17

B
2.94
3.93
9.31
7.72
8.25
8.64
8.45
7.55
3.50

60.29

C
2.93
3.65
8.99
6.95
7.24
7.33
7.59
5.62
3.14

53.44

D
2.94
3.11
8.68
5.84
5.93
5.78
6.46
481
2.86

46.41

E
2.82
2.67
7.83
5.17
5.13
4.49
5.67
3.32
2.55

39.65

2.71
1.84
6.70
2.84
2.99
2.08
3.71
2.43
2.10
27.40



